Let E be a W*-algebra, H a selfdual Hilbert right E-module, and F an involutive unital subalgebra of L E (H). We prove that the double commutant of F is the W*-subalgebra of L E (H) generated by F (Theorem 4). The proofs work simultaneously for the real and for the complex case. If E is the field of real or complex numbers then H is a Hilbert space and this result becomes the well-known classical double commutation theorem.
1. IK denotes the field of real or the field of complex numbers. The whole theory is developed in parallel for the real and complex case (but the proofs coincide).
9. Let E be a W*-algebra and H a Hilbert right E-module. We put for a ∈Ë and ξ, η ∈ H, (a, ξ) : H −→ IK , ζ −→ ζ | ξ , a ,
and denote byḦ (by
If H is selfdual thenḦ (resp. [C] Theorem 5.6.3.5 a)).
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. If E is a C*-algebra, H a Hilbert right E-module, and I a finite set then | i∈I H denotes the Hilbert right E-module obtained by endowing the vector space H I with the right multiplication
and with the inner product
11. F c denotes the commutant and F cc the double commutant of F .
PROPOSITION 1 If E is a C*-algebra, H a selfdual
Hilbert right Emodule, and K a Hilbert right E-submodule of H, then the following are equivalent:
If E is a W*-algebra then the above assertions are equivalent to the following one:
and K is selfdual.
b ⇒ c. By [C] Proposition 5.6.3.4 c), the map
Let ξ 0 ∈ K and v ∈ F . Let (a i , η i ) i∈I be a finite family inË × H. There is a u ∈ F such that
By Proposition 1 c⇒b, there is a p ∈ P r L E (H) with K = p(H). By the above, for η ∈ H, pvη = pvpη + pv(η − pη) = pvpη = vpη, so pv = vp, p ∈ F c . Thus
PROPOSITION 3 Let E be a C*-algebra, H a Hilbert right E-module, and I a finite set. We put for every u ∈ L E (H),
and use the matrix notation of [C] Proposition 5.6.4.16 d).
a) For every u ∈ L E (H) and i, j ∈ I,
b) The following are equivalent for all u ∈ L E (H) and v ∈ L E ( | i∈I H):
a) Let ξ ∈ H and for every j ∈ I put η j := (δ i,j ξ) i∈I . Then for i, j ∈ I,
which proves the assertion.
THEOREM 4 Let E be a W*-algebra, H a self dual Hilbert right E−module, and F an involutive unital subalgebra of L E (H). Then F cc is the W*-subalgebra of L E (H) ( [C] Theorem 5.6.3.5 b)) generated by F .
